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WEIGHTED MORREY-HERZ SPACE ESTIMATES FOR
ROUGH HAUSDORFF OPERATOR AND ITS
COMMUTATORS
NGUYEN MINH CHUONG, DAO VAN DUONG, AND NGUYEN DUC DUYET
Abstract. In this paper, we give necessary and sufficient conditions for
the boundedness of rough Hausdorff operators on Herz, Morrey and Morrey-
Herz spaces with absolutely homogeneous weights. Especially, the estimates
for operator norms in each case are worked out. Moreover, we also establish
the boundedness of the commutators of rough Hausdorff operators on the
two weighted Morrey-Herz type spaces with their symbols belonging to
Lipschitz space.
1. Introduction
Let Φ(t) be a locally integrable function in (0,∞). The one dimensional
Hausdorff operator is defined in terms of the integral form as follows
HΦf(x) =
∞∫
0
Φ(t)
t
f
(x
t
)
dt. (1.1)
It is well known that the Hausdorff operator is one of important operators
in harmonic analysis, and it closely related to the summability of the clas-
sical Fourier series. It is worth pointing out that if the kernel function Φ
is taken appropriately, then the Hausdorff operator reduces to many class-
cial operators in analysis such as the Hardy operator, the Cesa`ro operator,
the Riemann-Liouville fractional integral operator and the Hardy-Littlewood
average operator (see, e.g., [2], [8], [12], [17] and references therein).
In 2002, Brown and Mo´ricz [3] extended the study of Hausdorff operator to
the high dimensional space which is defined as follows
HΦ,A(f)(x) =
∫
Rn
Φ(t)
|t|n
f(A(t)x)dt, x ∈ Rn, (1.2)
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where Φ is a locally integrable function on Rn, and A(t) is an n× n invertible
matrix for almost everywhere t in the support of Φ. It should be pointed out
that if the kernel function Φ and A(t) are chosen suitably, then HΦ,A reduces to
the weighted Hardy-Littlewood average operator, the weighted Hardy-Cesa`ro
operator (see [11, 9]). More generally, Chuong, Duong and Dung [5] recently
have introduced a more general multilinear operator of Hausdorff type
HΦ, ~A(
~f)(x) =
∫
Rn
Φ(t)
|t|n
m∏
i=1
fi(Ai(t)x)dt, x ∈ R
n,
where Φ : Rn → [0,∞) and Ai(t), for i = 1, ..., m are n× n invertible matrices
for almost everywhere t in the support of Φ, and f1, f2, ..., fm : R
n → C are
measurable functions.
It is interesting to see that the theory of weighted Hardy-Littlewood average
operators, Hardy-Cesa`ro operators and Hausdorff operators has been signifi-
cantly developed into different contexts (for more details see [9], [3], [?], [5],
[10], [28] and references therein). In 2016, Chuong, Duong and Hung [6] stud-
ied the boundedness of the Hardy-Cesa`ro operators and their commutators on
weighted Herz, Morrey and Morrey-Herz spaces with absolutely homogeneous
weights. In 2012, Chen, Fan and Li [7] introduced another version of Hausdorff
operators, so-called the rough Hausdorff operators, as follows
HΦ,Ω(f)(x) =
∫
Rn
Φ (x|y|−1)
|y|n
Ω
(
y|y|−1
)
f(y)dy, x ∈ Rn, (1.3)
where Φ : Rn −→ C and Ω : Sn−1 −→ C are Lebesgue measurable functions.
Note that if Φ is a radial function, then by using the change of variable in polar
coordinates, the operator HΦ,Ω is rewritten in terms of the following form
HΦ,Ω(f)(x) =
∞∫
0
∫
Sn−1
Φ(t)
t
Ω(y′)f(t−1|x|y′)dσ(y′)dt. (1.4)
It is useful to remark that if we choose Φ(t) = t−nχ(1,∞)(t) and Ω ≡ 1, the
rough Hausdorff operator HΦ,Ω reduces to the famous Hardy operator
H(f)(x) =
1
|x|n
∫
|y|≤|x|
f(y)dy. (1.5)
Also, if Ω ≡ 1 and Φ(t) = χ(0,1)(t), the HΦ,Ω reduces to the adjoint Hardy
operator
H⋆(f)(x) =
∫
|y|>|x|
f(y)
|y|n
dy. (1.6)
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Moreover, Chen, Fan and Li [7] revealed that the rough Hausdorff operators
have better performance on the Herz type Hardy spaces HK˙α,pq (R
n) than their
performance on the Hardy spaces Hp(Rn) when 0 < p < 1. Meanwhile, the
authors obtained some new results and generalized some known results for the
high dimensional Hardy operator as well as the adjoint Hardy operator.
Let b be a measurable function. Let Mb be the multiplication operator de-
fined by Mbf(x) = b(x)f(x) for any measurable function f . If H is a linear
operator on some measurable function space, the commutator of Coifman-
Rochberg-Weiss type formed by Mb and H is defined by [Mb,H]f(x) =
(MbH − HMb)f(x). In particular, if H = HΦ,Ω, then we have the com-
mutators of Coifman-Rochberg-Weiss type of the rough Hausdorff operator
given as follows
HbΦ,Ωf(x) = b(x)HΦ,Ωf(x)−HΦ,Ω(bf)(x)
=
∞∫
0
∫
Sn−1
Φ(t)
t
Ω(y′)f(|x|t−1y′)
[
b(x)− b(|x|t−1y′)
]
dσ(y′)dt. (1.7)
Inspired by above mentioned results, the goal of this paper is to extend and
develop the known results in [6] to rough Hausdorff operators setting. More
precisely, we establish the necessary and sufficient conditions for the bound-
edness of rough Hausdorff operators on weighted Herz, central Morrey, and
Morrey-Herz spaces with absolutely homogeneous weights. In each case, the
estimates for operator norms are worked out. Also, the sufficient conditions for
the boundedness of the commutators of rough Hausdorff operators on the two
weighted Morrey-Herz type spaces with their symbols belonging to Lipschitz
space is given.
Our paper is organized as follows. In Section 2, we give necessary prelimi-
naries for Herz spaces, central Morrey spaces and Morrey-Herz spaces as well
as the class of absolutely homogeneous weights. Our main theorems are given
and proved in Section 3.
2. Preliminaries
Before stating our results in the next section, let us give some basic facts and
notations which will be used throughout this paper. By ‖T‖X→Y , we denote
the norm of T between two normed vector spaces X, Y . The letter C denotes
a positive constant which is independent of the main parameters, but may be
different from line to line. For any a ∈ Rn and r > 0, we shall denote by B(a, r)
the ball centered at a with radius r. We also denote Sn−1 = {x ∈ Rn : |x| = 1}
and |Sn−1| = 2π
n
2
Γ(n2 )
. For any real number p > 0, denote by p′ conjugate real
number of p, i.e. 1
p
+ 1
p′
= 1.
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Next, we write a . b to mean that there is a positive constant C , indepen-
dent of the main parameters, such that a ≤ Cb. The symbol f ≃ g means that
f is equivalent to g (i.e. C−1f ≤ g ≤ Cf). Thoughout the paper, the weighted
function ω(x) will be denoted a nonnegative measurable function on Rn, and
let Lqω(R
n) (0 < q < ∞) be the space of all Lebesgue measurable functions f
on Rn such that
‖f‖q,ω =
∫
Rn
|f(x)|qω(x)dx

1
q
<∞.
The space Lqloc(ω,R
n) is defined as the set of all measurable functions f on Rn
satisfying
∫
K
|f(x)|qω(x)dx <∞ for any compact subset K of Rn. The space
L
q
loc(ω,R
n \ {0}) is also defined in a similar way to the space Lqloc(ω,R
n).
In the following definitions χk = χCk , Ck = Bk \ Bk−1 and Bk =
{
x ∈ Rn :
|x| ≤ 2k
}
, for all k ∈ Z. Now, we are in a position to give some definitions of
the Lipschitz , Herz, Morrey and Morrey-Herz spaces. For further information
on these spaces as well as their deep applications in analysis, the interested
readers may refer to the work [1] and to the monograph [23].
Definition 2.1. Let 0 < β ≤ 1. The Lipschitz space Lipβ(Rn) is defined as
the set of all functions f : Rn → C such that
‖f‖Lipβ(Rn) := sup
x,y∈Rn, x 6=y
|f(x)− f(y)|
|x− y|β
<∞.
Definition 2.2. Let λ ∈ R and 1 ≤ p < ∞. The weighted central Mor-
rey space
.
B
p,λ
ω (R
n) is defined as the set of all locally p-integrable functions f
satisfying∥∥f∥∥ .
B
p,λ
ω (R
n)
= sup
R>0
( 1
ω
(
B(0, R)
)1+λp ∫
B(0,R)
|f(x)|pω(x)dx
)1/p
<∞.
Definition 2.3. Let α ∈ R, 0 < q < ∞, and 0 < p < ∞. The weighted
homogeneous Herz-type space K˙α,pq (ω) is defined by
K˙α,pq (ω) =
{
f ∈ Lqloc(R
n \ {0}, ω) : ‖f‖K˙α,pq (ω) <∞
}
,
where ‖f‖K˙α,pq (ω) =
( ∞∑
k=−∞
2kαp‖fχk‖
p
q,ω
) 1
p
.
Definition 2.4. Let α ∈ R, 0 < p < ∞, 0 < q < ∞, λ ≥ 0 and ω be
non-negative weighted function. The homogeneous weighted Morrey-Herz-type
space MK˙α,λp,q (ω) is defined by
MK˙α,λp,q (ω) =
{
f ∈ Lqloc(R
n \ {0}, ω) : ‖f‖MK˙α,λp,q (ω) <∞
}
,
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where ‖f‖MK˙α,λp,q (ω) = sup
k0∈Z
2−k0λ
( k0∑
k=−∞
2kαp‖fχk‖
p
q,ω
) 1
p
.
Note that K˙0,pp (R
n) = Lp(Rn) for 0 < p < ∞, and K˙
α/p,p
p (Rn) = Lp(|x|αdx)
for all 0 < p < ∞ and α ∈ R. Since MK˙α,0p,q (R
n) = K˙α,pq (R
n), it follows that
the Herz spaces are the special cases of Morrey-Herz spaces. Therefore, it is
said that the Herz spaces and Morrey-Herz spaces are natural generalizations
of the Lebesgue spaces associated with power weights.
Next, let us give some definitions of the two weighted Herz, Morrey, and
Morrey-Herz spaces.
Definition 2.5. Let 0 < p < ∞ and λ > 0. Suppose ω1, ω2 are two weighted
functions. Then, the two weighted Morrey space is defined by
B˙p,λ(ω1, ω2) = {f ∈ L
p
loc(ω1) : ‖f‖B˙p,λ(ω1,ω2) <∞},
where
‖f‖B˙p,λ(ω1,ω2) = sup
R>0
 1
ω2(B(0, R))λ
∫
B(0,R)
|f(x)|pω1(x)dx

1
p
.
Definition 2.6. Let 0 < p < ∞, 0 < q < ∞, and α ∈ R. Let ω1 and ω2 be
nonnegative weighted functions. The homogeneous two weighted Herz space
K˙α,pq (ω1, ω2) is defined to be the set of all f ∈ L
q
loc(R
n\{0};ω2) such that
‖f‖K˙α,pq (ω1,ω2) =
(∑
k∈Z
ω1(Bk)
α
n
p‖fχk‖
p
Lq(Rn;ω2)
) 1
p
<∞.
Definition 2.7. Let α ∈ R, 0 < p < ∞, 0 < q < ∞, λ ≥ 0 and ω1, ω2 be
weighted functions. The two weighted Morrey-Herz spaceMK˙α,λp,q (ω1, ω2) is de-
fined as the space of all functions f ∈ Lqloc(R
n\{0};ω2) such that ‖f‖MK˙α,λp,q (ω1,ω2) <
∞, where
‖f‖MK˙α,λp,q (ω1,ω2) = sup
k0∈Z
ω1(Bk0)− λn
(
k0∑
k=−∞
ω1(Bk)
α
n
p‖fχk‖
p
q,ω2)
) 1
p
 .
It is obvious that for λ = 0, we have MK˙α,0p,q (ω1, ω2) = K˙
α,p
q (ω1, ω2). Also,
note that if we take ω1(x) = |B0|
−1, then MK˙α,λp,q (ω1, ω2) reduces to the usual
one weighted Morrey-Herz space MKα,λp,q (ω). For further the applications of
these spaces in analysis, the readers can refer to the monograph [23].
Definition 2.8. Let γ be a real number. Let Wγ be the set of all Lebesgue
measurable functions ω on Rn such that ω(x) > 0 for almost every where
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x ∈ Rn, 0 <
∫
Sn−1
ω(x)σ(x) < ∞, and ω is absolutely homogeneous of degree
γ, that is, ω(tx) = |t|γω(x) for all t ∈ R\{0}, x ∈ Rn.
Let us denote W =
⋃
γ
Wγ . It is easy to see that W contains strictly the
class of power weights of the form |x|γ. For further discussions, the readers
can refer to [9] and [6]. Throughout the whole paper, we will denote by ω a
weight inWγ . Next, we recall the following result related to the class of weight
functions Wγ , which is used in the sequel.
Lemma 2.9 ([6]). Let ω ∈ Wγ for γ > −n. Then, there exists a constant
C = C(ω, n) > 0 such that
ω(Bm) = C|Bm|
γ+n
n and ω(Cm) = (1− 2
−γ−n)ω(Bm),
for any m ∈ Z.
3. Main results and their proofs
Before stating our main results, we introduce some notations which will be
used throughout this section. Assume that Φ : Rn −→ C is a radial measurable
function, that is, Φ(x) = Φ(|x|) for all x ∈ Rn, and Ω : Sn−1 −→ C is a
measurable function such that Ω(x) 6= 0 for almost everywhere x in Sn−1. Let
us recall that the rough Hausdorff operator is defined by
HΦ,Ω(f)(x) =
∫
Rn
Φ (x|y|−1)
|y|n
Ω
(
y|y|−1
)
f(y)dy, x ∈ Rn. (3.1)
Using polar coordinates and changing variables, it is easy to see that
HΦ,Ωf(x) =
+∞∫
0
 ∫
Sn−1
Φ(t)
t
Ω(y′)f(|x|t−1y′)dσ(y′)
 dt. (3.2)
For b ∈ Lipβ(0 < β ≤ 1), the commutator of Coifman-Rochberg-Weiss type of
rough Hausdorff operator with the Lipschitz functions is defined as follows
HbΦ,Ωf(x) = b(x)HΦ,Ωf(x)−HΦ,Ω(bf)(x)
=
+∞∫
0
∫
Sn−1
Φ(t)
t
Ω(y′)f(|x|t−1y′)
[
b(x)− b(|x|t−1y′)
]
dσ(y′)dt, (3.3)
where f : Rn → C are measurable functions.
Now, we are in a position to give the first our main results concerning the
boundedness of the rough Hausdorff operator on the weighted Morrey spaces.
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Theorem 3.1. Let γ > −n, 1 ≤ p <∞, 1+λp > 0, λ ∈ R and Ω ∈ Lp
′
(Sn−1).
(i) If ω(x′) ≥ c > 0 for all x′ ∈ Sn−1, and
C1 =
∞∫
0
|Φ(t)|
t1+(n+γ)λ
dt <∞,
we have HΦ,Ω is a bounded operator on B˙
p,λ
ω (R
n). Moreover,
‖HΦ,Ω‖B˙p,λω (Rn)→B˙p,λω (Rn) . C1‖Ω‖Lp
′ (Sn−1).
(ii) Conversely, suppose Ω ∈ Lp
′
(Sn−1, ω(x′)dσ(x′)) and Φ is a real function
with a constant sign in Rn. Then, if HΦ,Ω is bounded on B˙
p,λ
ω (R
n), we have
C1 <∞. Furthermore,
‖HΦ,Ω‖B˙p,λω (Rn)→B˙p,λω (Rn) ≥ C1.
‖Ω‖p
′
Lp′ (Sn−1)
‖Ω‖
p′
p
Lp′ (Sn−1,ω(x′)dσ(x′))
.
Proof. (i) From (1.4) and by the Minkowski inequality, we have
‖HΦ,Ωf‖B˙p,λω (Rn)
= sup
R>0
 1
ω(B(0, R))1+λp
∫
B(0,R)
∣∣∣∣∣∣
∞∫
0
 ∫
Sn−1
Φ(t)
t
Ω(y′)f(|x|t−1y′)dσ(y′)
 dt
∣∣∣∣∣∣
p
ω(x)dx

1
p
≤ sup
R>0
∞∫
0
 ∫
B(0,R)
1
ω(B(0, R))1+λp
|Φ(t)|p
tp
∣∣∣∣∣∣
∫
Sn−1
Ω(y′)f(|x|t−1y′)dσ(y′)
∣∣∣∣∣∣
p
ω(x)dx

1
p
dt.
Using change of variable u = xt−1, it is easy to show that
‖HΦ,Ωf‖B˙p,λω (Rn)
≤ sup
R>0
∞∫
0
|Φ(t)|
t
1− γ
p
−n
p
 ∫
B(0,t−1R)
1
ω(B(0, R))1+λp
∣∣∣∣∣∣
∫
Sn−1
Ω(y′)f(|u|y′)dσ(y′)
∣∣∣∣∣∣
p
ω(u)du

1
p
dt.
Note that, by the Ho¨lder inequality, we have∫
Sn−1
Ω(y′)f(|u|y′)dσ(y′) ≤
 ∫
Sn−1
|f(|u|y′)|pdσ(y′)

1
p
 ∫
Sn−1
|Ω(y′)|p
′
dσ(y′)

1
p′
=
 ∫
Sn−1
|f(|u|y′)|pdσ(y′)

1
p
‖Ω‖Lp′(Sn−1). (3.4)
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Thus, we obtain
‖HΦ,Ωf‖B˙p,λω (Rn) ≤ ‖Ω‖Lp
′ (Sn−1) sup
R>0
∞∫
0
|Φ(t)|
t1−
γ
p
−n
p
Ψ(t, R)dt, (3.5)
where Ψ(t, R) :=
 ∫
B(0,t−1R)
1
ω(B(0, R))1+λp
 ∫
Sn−1
|f(|u|y′)|pdσ(y′)
ω(u)du

1
p
.
Now, by putting u = rx′ and using the condition ω(x′) ≥ c > 0 for all
x′ ∈ Sn−1, we have
Ψ(t) =
 1
ω(B(0, R))1+λp
t−1R∫
0
∫
Sn−1
 ∫
Sn−1
|f(|rx′|y′)|pdσ(y′)
ω(rx′)dσ(x′)rn−1dr

1
p
= ω(Sn−1)
1
p
 1
ω(B(0, R))1+λp
t−1R∫
0
rγ+n−1
 ∫
Sn−1
|f(ry′)|pdσ(y′)
 dr

1
p
. ω(Sn−1)
1
p
 1
ω(B(0, R))1+λp
t−1R∫
0
rγ+n−1
 ∫
Sn−1
|f(ry′)|pω(y′)dσ(y′)
 dr

1
p
. ω(Sn−1)
1
p
 1
ω(B(0, R))1+λp
∫
B(0,t−1R)
|f(x)|pω(x)dx

1
p
. (3.6)
We have
ω(B(0, t−1R)) =
∫
B(0,t−1R)
ω(z)dz
=
∫
B(0,R)
t−(γ+n)ω(y)dy = t−(γ+n)ω(B(0, R)),
so
1
ω(B(0, R))1+λp
=
1
t(γ+n)(1+λp)ω(B(0, t−1R))1+λp
. (3.7)
Hence, from (3.5), (3.6) and (3.7), we obtain
‖HΦ,Ωf‖B˙p,λω (Rn) . ‖Ω‖Lp′(Sn−1)‖f‖B˙p,λω (Rn)
∞∫
0
|Φ(t)|
t1+(n+γ)λ
dt
. C1‖Ω‖Lp′(Sn−1)‖f‖B˙p,λω (Rn),
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which completes the proof of the part (i).
(ii) Conversely, suppose HΦ,Ω is bounded on the space B˙
p,λ
ω (R
n). As it is
known, a standard approach to proving for the part (ii) of the theorem is to
take a appropriately radial function. Here, let us also choose the function as
follows
f(x) = |x|(n+γ)λ|Ω(x′)|p
′−2Ω(x′), for x′ =
x
|x|
.
We then have
‖f‖B˙p,λω (Rn) = sup
R>0
 1
ω(B(0, R))1+λp
∫
B(0,R)
|x|(n+γ)λp|Ω(x)′|(p
′−2)p|Ω(x′)|pω(x)dx

1
p
= sup
R>0
 1
ω(B(0, R))1+λp
∫
B(0,R)
|x|(n+γ)λp|Ω(x)′|p
′
ω(x)dx

1
p
.
Since γ > −n, a simple computation shows that
ω(B(0, R)) =
Rn+γ
n+ γ
ω(Sn−1),
and we get∫
B(0,R)
|x|(n+γ)λp|Ω(x′)|p
′
ω(x)dx =
R∫
0
∫
Sn−1
|rx′|(n+γ)λp|Ω(x′)|p
′
ω(rx′)rn−1dσ(x′)dr
=
 R∫
0
r(n+γ)(1+λp)−1dr
 ∫
Sn−1
|Ω(x′)|p
′
ω(x′)dσ(x′)

=
R(n+γ)(1+λp)
(n+ γ)(1 + λp)
‖Ω‖p
′
Lp′(Sn−1,ω(x′)dσ(x′))
.
Consequently,
‖f‖B˙p,λω (Rn) =
(
n+ γ
ω(Sn−1)
)λ
1
(1 + λp)
1
p
1
ω(Sn−1)
1
p
‖Ω‖
p′
p
Lp′ (Sn−1,ω(x′)dσ(x′))
<∞.
On the other hand, by choosing f as above, we get
HΦ,Ωf(x) =
∞∫
0
 ∫
Sn−1
Φ(t)
t
Ω(y′)f(|x|t−1y′)dσ(y′)
 dt
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=
∞∫
0
 ∫
Sn−1
Φ(t)
t
Ω(y′)
∣∣|x|t−1y′∣∣(n+γ)λ |Ω(y′)|p′−2Ω(y′)dσ(y′)
 dt
= |x|(n+γ)λ.
∞∫
0
Φ(t)
t
t−(n+γ)λ
 ∫
Sn−1
|Ω(y′)|p
′
dσ(y′)
 dt
= ‖Ω‖p
′
Lp′ (Sn−1)
.|x|(n+γ)λ.
∞∫
0
Φ(t)
t1+(n+γ)λ
dt.
Hence, it follows that
‖HΦ,Ωf‖B˙p,λω (Rn) ≃ ‖Ω‖
p′
Lp′(Sn−1)
.‖|x|(n+γ)λ‖B˙p,λω (Rn).
∞∫
0
|Φ(t)|
t1+(n+γ)λ
dt.
Because ‖f‖B˙p,λω (Rn) ≃ ‖|x|
(n+γ)λ‖B˙p,λω (Rn).‖Ω‖
p′
p
Lp′ (Sn−1,ω(x′)dσ(x′))
, we have
‖HΦ,Ω‖B˙p,λω (Rn)→B˙p,λω (Rn) ≥
‖HΦ,Ωf‖B˙p,λω (Rn)
‖f‖B˙p,λω (Rn)
&
‖Ω‖p
′
Lp′ (Sn−1)
‖Ω‖
p′
p
Lp′(Sn−1,ω(x′)dσ(x′))
.
∞∫
0
|Φ(t)|
t1+(n+γ)λ
dt,
which finishes the proof of the theorem. 
Remark that if ω(x) = |x|γ, we have ω(x′) = 1 for all x′ ∈ Sn−1. We then
get
‖Ω‖p
′
Lp′(Sn−1)
‖Ω‖
p′
p
Lp′ (Sn−1,ω(x′)dσ(x′))
= ‖Ω‖Lp′ (Sn−1).
Therefore, from Theorem 3.1, we have immediately the following corollary.
Corollary 3.2. Let γ > −n, 1 ≤ p < ∞, 1 + λp > 0, λ ∈ R. Suppose Ω ∈
Lp
′
(Sn−1), ω(x) = |x|γ for γ > −n, and Φ is a nonnegative radial function.
Then, HΦ,Ω is a bounded operator on B˙
p,λ
ω (R
n) if and only if
C1.1 =
∞∫
0
Φ(t)
t1+(n+γ)λ
dt <∞.
Moreover,
‖HΦ,Ω‖B˙p,λω (Rn)→B˙p,λω (Rn) ≃ C1.1.‖Ω‖Lp
′(Sn−1).
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Next, we also give the boundedness and bound of the rough Hausdorff op-
erator on the weighted Herz spaces.
Theorem 3.3. Let 1 ≤ p, q <∞ and Ω ∈ Lq
′
(Sn−1).
(i) If ω(x′) ≥ c > 0 for all x′ ∈ Sn−1 and
C2 =
∞∫
0
|Φ(t−1)| t1−2n−
γ
q
−n
q dt <∞,
we have HΦ,Ω is a bounded operator on K˙
α,p
q (ω). Moreover,
‖HΦ,Ω‖K˙α,pq (ω)→K˙α,pq (ω) . C2‖Ω‖Lq′ (Sn−1).
(ii) Conversely, suppose Ω ∈ Lq
′
(Sn−1, ω(x′)dσ(x′)) and Φ is a real function
with a constant sign in Rn. Then, if HΦ,Ω is bounded on the space K˙
α,p
q (ω),
we have C2 <∞. Furthermore,
‖HΦ,Ω‖K˙α,pq (ω)→K˙α,pq (ω) ≥ C2.
‖Ω‖q
′
Lq′ (Sn−1)
‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
.
Proof. (i) For every k ∈ Z, by changing of variable u = t−1, we have
‖HΦ,Ωfχk‖q,ω =
∫
Rn
|HΦ,Ωf(x)χk(x)|
qω(x)dx

1
q
=
∫
Ck
∣∣∣∣∣∣
∞∫
0
 ∫
Sn−1
Φ(u−1)u1−2nΩ(y′)f(|x|uy′)dσ(y′)
 du
∣∣∣∣∣∣
q
ω(x)dx

1
q
.
By Minkowski’s inequality and changing of variable v = ux, we obtain
‖HΦ,Ωfχk‖q,ω ≤
∞∫
0
|Φ(u−1)|u1−2n−
γ
q
−n
q
∫
uCk
∣∣∣∣∣∣
∫
Sn−1
Ω(y′)f(|v|y′)dσ(y′)
∣∣∣∣∣∣
q
ω(v)dv

1
q
du.
(3.8)
On the other hand, by the Ho¨lder inequality, we have the following estimate∫
Sn−1
Ω(y′)f(|u|y′)dσ(y′) ≤
 ∫
Sn−1
|f(|u|y′)|pdσ(y′)

1
q
 ∫
Sn−1
|Ω(y′)|q
′
dσ(y′)

1
q′
=
 ∫
Sn−1
|f(|u|y′)|pdσ(y′)

1
q
‖Ω‖Lq′(Sn−1). (3.9)
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Therefore, by combining (3.8) and (3.9), one has
‖HΦ,Ωfχk‖q,ω
≤
∞∫
0
|Φ(u−1)|u1−2n−
γ
q
−n
q
∫
uCk
∣∣∣∣∣∣∣
 ∫
Sn−1
|f(|v|y′)|qdσ(y′)

1
q
‖Ω‖Lq′(Sn−1)
∣∣∣∣∣∣∣
q
ω(v)dv

1
q
du
= ‖Ω‖Lq′(Sn−1)
∞∫
0
|Φ(u−1)|u1−2n−
γ
q
−n
qJ (u)
1
q du,
where J (u) :=
∫
uCk
( ∫
Sn−1
|f(|v|y′)|qdσ(y′)
)
ω(v)dv. By changing of variable
v = rx′ and using ω(x′) ≥ c > 0 for all x′ ∈ Sn−1, we get
J (u) =
∫
uCk
∫
Sn−1
 ∫
Sn−1
|f(|rx′|y′)|qdσ(y′)
 dσ(x′)ω(rx′)rn−1dr
= ω(Sn−1)
∫
uCk
rn−1+γ
 ∫
Sn−1
|f(ry′)|qdσ(y′)
 dr
.
∫
uCk
rn−1+γ
 ∫
Sn−1
|f(ry′)|qω(y′)dσ(y′)
 dr = ‖fχuCk‖qq,ω.
Thus, we obtain
‖HΦ,Ωfχk‖q,ω . ‖Ω‖Lq′(Sn−1)
∞∫
0
|Φ(u−1)|u1−2n−
γ
q
−n
q ‖fχuCk‖q,ωdu.
Noting that for each u ∈ (0,∞), one can find an integer number ℓ = ℓ(u) such
that 2ℓ−1 < u ≤ 2ℓ. This implies that uCk is a subset of Ck+ℓ−1 ∪Ck+ℓ. Thus,
we obtain
‖fχuCk‖q,ω ≤ ‖fχk+ℓ−1‖q,ω + ‖fχk+ℓ‖q,ω.
So, one has
‖HΦ,Ωfχk‖q,ω . ‖Ω‖Lq′ (Sn−1)
∞∫
0
|Φ(u−1)| u1−2n−
γ
q
−n
q (‖fχk+ℓ−1‖q,ω + ‖fχk+ℓ‖q,ω) dt.
(3.10)
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On the other hand, by 1 ≤ p <∞, we have
‖HΦ,Ωf‖K˙α,pq (ω) =
(
∞∑
k=−∞
2kαp‖HΦ,Ωf(x)χk(x)‖
p
q,ω
) 1
p
. ‖Ω‖Lq′ (Sn−1)
∞∫
0
|Φ(u−1)| u1−2n−
γ
q
−n
q
(
∞∑
k=−∞
2kαp (‖fχk+ℓ−1‖q,ω + ‖fχk+ℓ‖q,ω)
p
) 1
p
du.
Since 2ℓ−1 < u ≤ 2ℓ, it follows that(
∞∑
k=−∞
2kαp (‖fχk+ℓ−1‖q,ω + ‖fχk+ℓ‖q,ω)
p
) 1
p
≤
(
∞∑
k=−∞
2kαp‖fχk+ℓ−1‖
p
q,ω
) 1
p
+
(
∞∑
k=−∞
2kαp‖fχk+ℓ‖
p
q,ω
) 1
p
≤ (2−(ℓ−1)α + 2−ℓα)‖f‖K˙α,pq (ω) . u
−α‖f‖K˙α,pq (ω).
Consequently,
‖HΦ,Ωf‖K˙α,pq (ω) . ‖Ω‖Lq′ (Sn−1).‖f‖K˙α,pq (ω).
∞∫
0
|Φ(u−1)|u1−2n−
γ
q
−n
q
−α
du.
This shows that the operator HΦ,Ω is boundedness on the space K˙
α,p
q (ω) and
‖HΦ,Ω‖K˙α,pq (ω)→K˙α,pq (ω) . C2‖Ω‖Lq′ (Sn−1).
(ii) Now, we will give the proof for part (ii) of the theorem. For m ∈ Z, we
choose m sufficiently large such that α + 1
2m
6= 0. Let us choose the functions
fm(x) =
{
0, if |x| < 1,
|x|−α−
γ
q
−n
q
− 1
2m |Ω(x′)|q
′−2Ω(x′), if |x| ≥ 1.
By similar argument as in [6], one can show that fm ∈ K˙
α,p
q (ω). But, for
convenience to the reader, we provide details for the proof here. First, we
remark that for k ∈ Z, k ≥ 0, we have
‖fmχk‖q,ω ≤
∫
Ck
∣∣∣|x|−α− γq−nq − 12m |Ω(x′)|q′−2Ω(x′)χk(x)∣∣∣q ω(x)dx

1
q
≤
∫
Ck
∫
Sn−1
|rx′|−αq−γ−n−
q
2m |Ω(x′)|q(q
′−1)ω(rx′)rn−1dσ(x′)dr

1
q
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.
∫
Ck
r−αq−
q
2m
−1
 ∫
Sn−1
|Ω(x′)|q(q
′−1)ω(x′)dσ(x′)
 dr

1
q
.
∫
Ck
r−αq−
q
2m
−1dr

1
q
‖Ω‖
q′
q
Lq′(Sn−1,ω(x′)dσ(x′))
= 2−k(
1
2m
+α)
∣∣∣∣∣2q(
1
2m
+α) − 1
( 1
2m
+ α)q
∣∣∣∣∣
1
q
‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
.
It is obvious that for k < 0, then ‖fmχk‖q,ω = 0. Therefore,
‖fm‖K˙α,pq (ω) =
(
∞∑
k=−∞
2kαp‖fmχk‖
p
q,ω
) 1
p
≤
 ∞∑
k=0
2kαp
2−k( 12m+α) ∣∣∣∣∣2q(
1
2m
+α) − 1
( 1
2m
+ α)q
∣∣∣∣∣
1
q
‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
p
1
p
≤
∣∣∣∣∣2q(
1
2m
+α) − 1
( 1
2m
+ α)q
∣∣∣∣∣
1
q
‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
(
∞∑
k=0
2kαp
(
2−k(
1
2m
+α)
)p) 1p
≤
∣∣∣∣∣2q(
1
2m
+α) − 1
( 1
2m
+ α)q
∣∣∣∣∣
1
q
‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
(
∞∑
k=0
2−
kp
2m
) 1
p
<∞.
Now, it is easy to see that
HΦ,Ωfm
=
{
0, if |x| < 1,
|x|−α−
γ
q
−n
q
− 1
2m
∫
S(x)
(∫
Sn−1
Φ(u−1)u1−2n−
γ
q
−n
q
− 1
2m |Ω(y′)|q
′
dσ(y′)
)
du, if |x| ≥ 1,
where S(x) = {u ∈ (0,∞) : ||x|uy′| ≥ 1}. For k ∈ Z such that k ≥ 1, let
Sk =
{
u ∈ (0,∞) : |u| ≥
1
2k−1
}
.
It is clear that the sequence {Sk}k≥0 is increasing and tends to (0,∞). Let
1 ≤ m ≤ k. Then, for all x ∈ Ck, there exits a measurable subset A of (0,∞)
with |A| = 0 such that
S(x) ⊃ Sm\A.
Because, for each k ≤ 0, HΦ,Ωfmχk = 0, so we have
‖HΦ,Ωfmχk‖q,ω
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=
∫
Ck
∣∣∣∣∣∣|x|−α− γq−nq− 12m
∫
Sk
 ∫
Sn−1
Φ(u−1)u1−2n−
γ
q
−n
q
− 1
2m |Ω(y′)|q
′
dσ(y′)
 du
∣∣∣∣∣∣
q
ω(x)dx

1
q
≥
∫
Ck
|x|−α−
γ
q
−n
q
− 1
2m ω(x)
∫
Sm
 ∫
Sn−1
|Φ(u−1)|u1−2n−
γ
q
−n
q
− 1
2m |Ω(y′)|q
′
dσ(y′)
 du
q dx

1
q
≥
∫
Sm
|Φ(u−1)|u1−2n−
γ
q
−n
q
− 1
2m du
∫
Ck
|x|−αq−γ−n−
q
2m ω(x)dx

1
q
 ∫
Sn−1
|Ω(y′)|q
′
dσ(y′)

=
∫
Sm
|Φ(u−1)|u1−2n−
γ
q
−n
q
− 1
2m du‖f ′mχk‖q,ω‖Ω‖
q′
Lq′ (Sn−1)
,
where
f ′m(x) =
{
0, if |x| < 1,
|x|−α−
γ
q
−n
q
− 1
2m , if |x| ≥ 1.
It is clear that ‖f ′mχRn\B(0,1)‖q,ω = 0 for all k ≤ 0. Therefore,
‖HΦ,Ωfm‖K˙α,pq (ω)
≥
 ∞∑
k=−∞
2kαp
∫
Sm
|Φ(u−1)|u1−2n−
γ
q
−n
q
− 1
2m du‖f ′mχk‖q,ω‖Ω‖
q′
Lq′ (Sn−1)
p
1
p
≥ ‖Ω‖q
′
Lq′(Sn−1)
(
∞∑
k=−∞
2kαp‖f ′mχk‖
p
q,ω
) 1
p
∫
Sm
|Φ(u−1)|u1−2n−
γ
q
−n
q
− 1
2m du

≥ ‖Ω‖q
′
Lq′(Sn−1)
 ∞∑
k=m
2kαp2−kp(
1
2m
+α)
∣∣∣∣∣2q(
1
2m
+α) − 1
( 1
2m
+ α)q
∣∣∣∣∣
p
q

1
p
C2(m)
≥ ‖Ω‖q
′
Lq′(Sn−1)
2−
m
2m
(
∞∑
k=0
2−
kp
2m
) 1
p
∣∣∣∣∣2q(
1
2m
+α) − 1
( 1
2m
+ α)q
∣∣∣∣∣
1
q
C2(m),
where C2(m) :=
∫
Sm
|Φ(u−1)|u1−2n−
γ
q
−n
q
− 1
2m du. Now, since the operator HΦ,Ω is
bounded on the space K˙α,pq (ω), we yield
‖HΦ,Ω‖K˙α,pq (ω)→K˙α,pq (ω) ≥
‖HΦ,Ωfm‖K˙α,pq (ω)
‖fm‖K˙α,pq (ω)
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≥
‖Ω‖q
′
Lq′ (Sn−1)
2−
m
2m
(
∞∑
k=0
2−
kp
2m
) 1
p
∣∣∣∣2q( 12m +α)−1( 1
2m
+α)q
∣∣∣∣ 1q C2(m)∣∣∣∣2q( 12m +α)−1( 1
2m
+α)q
∣∣∣∣ 1q ‖Ω‖ q′qLq′(Sn−1,ω(x′)dσ(x′))( ∞∑
k=0
2−
kp
2m
) 1
p
≥
‖Ω‖q
′
Lq′ (Sn−1)
‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
.2−
m
2m
∫
Sm
|Φ(u−1)|u1−2n−
γ
q
−n
q
− 1
2m du.
Thus, letting m → ∞, by the Lebesgue dominated convergence theorem we
obtain
‖HΦ,Ω‖K˙α,pq (ω)→K˙α,pq (ω) &
∞∫
0
|Φ(u−1)|u1−2n−
γ
q
−n
q du.
‖Ω‖q
′
Lq′ (Sn−1)
‖Ω‖
q′
q
Lq′(Sn−1,ω(x′)dσ(x′))
.

By Theorem 3.8, we also have the following useful corollary.
Corollary 3.4. Let 1 ≤ p, q <∞ and Ω ∈ Lq
′
(Sn−1), ω(x) = |x|γ. Let Φ be a
nonnegative radial function. Then, HΦ,Ω is a bounded operator on K˙
α,p
q (ω) if
and only if
C2.1 =
∞∫
0
|Φ(t−1)| t1−2n−
γ
q
−n
q dt <∞.
Moreover,
‖HΦ,Ω‖K˙α,pq (ω) ≃ C2.1.‖Ω‖Lq′ (Sn−1).
Next, we also give the boundedness and bound of the rough Hausdorff op-
erator on the weighted Morrey-Herz spaces.
Theorem 3.5. Let 1 ≤ q <∞, 0 < p <∞, γ ∈ R, λ > 0, and Ω ∈ Lq
′
(Sn−1).
(i) If ω(x′) ≥ c > 0 for all x′ ∈ Sn−1 and
C3 =
∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
+λ−α
dt <∞,
then HΦ,Ω is a bounded operator on MK˙
α,λ
p,q (ω). Moreover,
‖HΦ,Ω‖MK˙α,λp,q (ω) . C3‖Ω‖Lq
′ (Sn−1).
(ii) Conversely, suppose Ω ∈ Lq
′
(Sn−1, ω(x′)dσ(x′)) and Φ is a real function
with a constant sign in Rn. Then, if HΦ,Ω is bounded on the MK˙
α,λ
p,q (ω), then
ROUGH HAUSDORFF OPERATOR 17
C3 <∞. Furthermore,
‖HΦ,Ω‖MK˙α,λp,q (ω)→MK˙α,λp,q (ω) ≥ C3.
‖Ω‖q
′
Lq′ (Sn−1)
‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
.
Proof. (i) From the Minkowski inequality and changing variable u = xt−1, we
obtain
‖HΦ,Ωfχk‖q,ω ≤
∞∫
0
|Φ(t)|
t
∫
Ck
∣∣∣∣∣∣
∫
Sn−1
Ω(y′)f(|x|t−1y′)dσ(y′)
∣∣∣∣∣∣
q
ω(x)dx

1
q
dt
=
∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
∫
1
t
Ck
∣∣∣∣∣∣
∫
Sn−1
Ω(y′)f(|u|y′)dσ(y′)
∣∣∣∣∣∣
q
ω(u)du

1
q
dt.
(3.11)
By (3.9) and (3.11), it follows that
‖HΦ,Ωfχk‖q,ω
≤
∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
∫
1
t
Ck
∣∣∣∣∣∣∣
 ∫
Sn−1
|f(|u|y′)|qdσ(y′)

1
q
‖Ω‖Lq′(Sn−1)
∣∣∣∣∣∣∣
q
ω(u)du

1
q
dt
≤ ‖Ω‖Lq′ (Sn−1)
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q
J ′(t)
1
q dt,
where J ′(t) :=
∫
1
t
Ck
 ∫
Sn−1
|f(|u|y′)|qdσ(y′)
ω(u)du. By the similar estimate
as J (u), we also have
J ′(t) . ‖fχ 1
t
Ck
‖qq,ω.
Note that for each t ∈ (0,∞), we can find an integer number ℓ = ℓ(t) such
that 2ℓ−1 <
1
t
≤ 2ℓ. This implies that 1
t
Ck is a subset of Ck+ℓ−1 ∪Ck+ℓ. Thus,
we obtain
‖fχ 1
t
Ck
‖q,ω ≤ ‖fχk+ℓ−1‖q,ω + ‖fχk+ℓ‖q,ω.
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Hence,
‖HΦ,Ωfχk‖q,ω . ‖Ω‖Lq′ (Sn−1)
∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
(‖fχk+ℓ−1‖q,ω + ‖fχk+ℓ‖q,ω) dt.
(3.12)
We consider two case as follows.
Case 1: 1 ≤ p <∞. Then, we get
‖HΦ,Ωf‖MK˙α,λp,q (ω)
= sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kαp‖HΦ,Ωf(x)χk(x)‖
p
q,ω
) 1
p
. sup
k0∈Z
2−k0λ
 k0∑
k=−∞
2kαp
‖Ω‖Lq′ (Sn−1) ∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
(‖fχk+ℓ−1‖q,ω + ‖fχk+ℓ‖q,ω) dt
p
1
p
. ‖Ω‖Lq′ (Sn−1)
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q
sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kαp (‖fχk+ℓ−1‖q,ω + ‖fχk+ℓ‖q,ω)
p
) 1
p
dt.
It is clear that
sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kαp (‖fχk+ℓ−1‖q,ω + ‖fχk+ℓ‖q,ω)
p
) 1
p
≤ sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kαp‖fχk+ℓ−1‖
p
q,ω
) 1
p
+ sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kαp‖fχk+ℓ‖
p
q,ω
) 1
p
. 2ℓ(λ−α)‖f‖MK˙α,λp,q (ω) .
(
1
t
)λ−α
‖f‖MK˙α,λp,q (ω).
Consequently,
‖HΦ,Ωf‖MK˙α,λp,q (ω) . ‖Ω‖Lq
′ (Sn−1)
∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
(
1
t
)λ−α
‖f‖MK˙α,λp,q (ω)dt
. ‖Ω‖Lq′ (Sn−1)‖f‖MK˙α,λp,q (ω).
∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
+λ−α
dt.
Case 2: 0 < p < 1. It follows from the definition of weighted Morrey-Herz
space that
‖fχk‖q,ω ≤ 2
k(λ−α)‖f‖MK˙α,λp,q (ω).
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For all f ∈MK˙α,λp,q (ω), by (3.12), we obtain
‖HΦ,Ωfχk‖q,ω . ‖Ω‖Lq′ (Sn−1)
∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
( ∑
i=−1,0
2(k+ℓ+i)(λ−α)‖f‖MK˙α,λp,q (ω)
)
dt,
for all k ∈ Z. Thus,
‖HΦ,Ωf‖MK˙α,λp,q (ω) = sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kαp‖HΦ,Ωf(x)χk(x)‖
p
q,ω
) 1
p
. ‖Ω‖Lq′ (Sn−1)‖f‖MK˙α,λp,q (ω). sup
k0∈Z
2−k0λ×
×
 k0∑
k=−∞
2kαp
 ∞∫
0
|Φ(t)|
t1−
γ
q
−n
q
( ∑
i=−1,0
2(k+ℓ+i)(λ−α)
)
dt
p
1
p
.
Since 2ℓ−1 <
1
t
≤ 2ℓ and λ > 0, we estimate
∑
i=−1,0
2(k+l+i)(λ−α) .
(
1
t
)λ−α
2k(λ−α)
∑
i=−1,0
2i(λ−α).
Therefore,
‖HΦ,Ωf‖MK˙α,λp,q (ω)
. ‖Ω‖Lq′ (Sn−1)‖f‖MK˙α,λp,q (ω) sup
k0∈Z
(
k0∑
k=−∞
2(k−k0)λp
) 1
p
 ∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
+λ−α
dt
 ∑
i=−1,0
2i(λ−α)
. ‖Ω‖Lq′ (Sn−1)‖f‖MK˙α,λp,q (ω) sup
k0∈Z
(
k0∑
k=−∞
2(k−k0)λp
) 1
p
 ∞∫
0
|Φ(t)|
t1−
γ
q
−n
q
+λ−α
dt

. ‖Ω‖Lq′ (Sn−1).‖f‖MK˙α,λp,q (ω).
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q
+λ−α
dt.
(ii) Conversely, suppose HΦ,Ω is bounded on the space MK˙
α,λ
p,q (ω). Then, let
us choose the function
f(x) = |x|−α−
n
q
− γ
q
+λ|Ω(x′)|q
′−2Ω(x′).
We have
‖fχk‖q,ω =
∫
Rn
||x|−α−
n
q
− γ
q
+λ|Ω(x′)|q
′−2.Ω(x′)χk|
qω(x)dx

1
q
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=
∫
Ck
∫
Sn−1
r−αq−n−γ+λq|Ω(x′)|q
′
rγω(x′)rn−1dσ(x′)dr

1
q
=
∫
Ck
r−αq+λq−1dr
∫
Sn−1
|Ω(x′)|q
′
ω(x′)dσ(x′)

1
q
=
∫
Ck
r−αq+λq−1dr

1
q
‖Ω‖
q′
q
Lq′(Sn−1,ω(x′)dσ(x′))
=
ln 2.‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
, if α = γ,
2k(λ−α)
∣∣∣ 1−2−q(λ−α)q(λ−α) ∣∣∣ 1q ‖Ω‖ q′qLq′ (Sn−1,ω(x′)dσ(x′)), if α 6= γ.
Therefore, an easy computation shows that
‖f‖MK˙α,λp,q (ω) = sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kαp‖fχk‖
p
q,ω
) 1
p
. ‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kαp
(
2k(λ−α)
)p) 1p
. ‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kλp
) 1
p
<∞.
On the other hand, we also get
HΦ,Ωf(x) =
∞∫
0
 ∫
Sn−1
Φ(t)
t
Ω(y′)f(|x|t−1y′)dσ(y′)
 dt
= |x|−α−
n
q
− γ
q
+λ
.
∞∫
0
Φ(t)
t
t
α+n
q
+ γ
q
−λ
 ∫
Sn−1
|Ω(y′)|q
′
dσ(y′)
 dt
= |x|−α−
n
q
− γ
q
+λ.‖Ω‖q
′
Lq′ (Sn−1)
∞∫
0
Φ(t)
t1−
γ
q
−n
q
+λ−α
dt.
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Hence, it immediately follows that
‖HΦ,Ωf‖MK˙α,λp,q (ω) ≃ ‖|x|
−α−n
q
− γ
q
+λ‖MK˙α,λp,q (ω).‖Ω‖
q′
Lq′ (Sn−1)
∞∫
0
Φ(t)
t1−
γ
q
−n
q
+λ−α
dt.
Therefore,
‖HΦ,Ω‖MK˙α,λp,q (ω)→MK˙α,λp,q (ω) ≥
‖HΦ,Ωf‖MK˙α,λp,q (ω)
‖f‖MK˙α,λp,q (ω)
&
∞∫
0
Φ(t)
t
1−
γ
q −
n
q +λ−α
dt‖Ω‖q
′
Lq′(Sn−1)
‖|x|−α−
n
q
− γ
q
+λ‖MK˙α,λp,q (ω)
‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
‖|x|−α−
n
q
− γ
q
+λ‖MK˙α,λp,q (ω)
&
∞∫
0
Φ(t)
t1−
γ
q
−n
q
+λ−α
dt.
‖Ω‖q
′
Lq′(Sn−1)
‖Ω‖
q′
q
Lq′ (Sn−1,ω(x′)dσ(x′))
.
This ends the proof of theorem. 
By Theorem 3.5, we have the following useful corollary when ω is a power
weight function and Φ is a nonnegative function.
Corollary 3.6. Let 1 ≤ q < ∞, 0 ≤ p < ∞, γ ∈ R, λ > 0. Suppose Ω ∈
Lq
′
(Sn−1), ω(x) = |x|γ, and Φ is a nonnegative radial function. Then, HΦ,Ω is
a bounded operator on MK˙α,λp,q (ω) if and only if
C3.1 =
∞∫
0
Φ(t)
t1−
γ
q
−n
q
+λ−α
dt <∞.
Moreover,
‖HΦ,Ω‖MK˙α,λp,q (ω) ≃ C3.1.‖Ω‖Lq′ (Sn−1).
Next, we will give the boundedness of the commutator of rough Hausdorff
operator on weighted spaces of Morrey-Herz type with their symbols b belong-
ing to Lipschitz space Lipβ(Rn) (0 < β ≤ 1). Before stating our next results,
we want to give the following useful inequality
|b(x)− b(|x|t−1y′)| ≤ ‖b‖Lipβ .‖x− |x|t
−1y′‖β
= ‖b‖Lipβ .|x|
β(1 + t−1)β, ∀t > 0, y′ ∈ Sn−1. (3.13)
Theorem 3.7. Let 1 ≤ p < ∞, ω1, ω2 ∈ Wγ for γ > −n, and b ∈ Lip
β(Rn)
for 0 < β ≤ 1. Let Ω ∈ Lp
′
(Sn−1) and ω2(x
′) ≥ c > 0 for all x′ ∈ Sn−1.
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Suppose that λ1 = λ−
βp
n+γ
> 0. Then, if
C4 =
∞∫
0
|Φ(t)|
t
1+(γ+n)
λ1−1
p (1 + t−1)−β
dt <∞,
the commutator HbΦ,Ω is a bounded operator from B˙
p,λ1(ω1, ω2) to B˙
p,λ(ω1, ω2).
Proof. It is easy to see that for any x ∈ B(0, R), then |x|β ≤ |B(0, R)|
β
n . It is
also important to note that ω2(B(0, R)) ≃ |B(0, R)|
n+γ
n for all γ > −n. From
this and by (3.13) above, for all f ∈ B˙p,λ1(ω1, ω2) we have
‖HbΦ,Ωf‖B˙p,λ(ω1,ω2) = sup
R>0
 1
ω2(B(0, R))λ
∫
B(0,R)
∣∣HbΦ,Ωf ∣∣p ω1(x)dx

1
p
≤ ‖b‖Lipβ sup
R>0
 1
ω2(B(0, R))λ
∫
B(0,R)
∣∣∣∣∣∣
∞∫
0
∫
Sn−1
Φ(t)
t(1 + t−1)−β
Ω(y′)f(|x|t−1y′)
× |x|βdσ(y′)dt
∣∣∣p ω1(x)dx) 1p
. ‖b‖Lipβ sup
R>0
 1
ω2(B(0, R))λ1
∫
B(0,R)
∣∣∣∣∣∣
∞∫
0
∫
Sn−1
Φ(t)
t(1 + t−1)−β
Ω(y′)f(|x|t−1y′)
× dσ(y′)dt
∣∣∣p ω1(x)dx) 1p ,
where λ1 = λ −
βp
n+γ
. Now, using the Minkowski inequality and changing
variable u = xt−1, we get
‖HΦ,Ωf‖B˙p,λ(ω1,ω2)
. ‖b‖Lipβ sup
R>0
∞∫
0
|Φ(t)|
t(1 + t−1)−β
 1
ω2(B(0, R))λ1
∫
B(0,R)
∣∣∣∣∣∣
∫
Sn−1
Ω(y′)f(|x|t−1y′)dσ(y′)
∣∣∣∣∣∣
p
× ω1(x)dx
) 1
p
dt
. ‖b‖Lipβ sup
R>0
∞∫
0
|Φ(t)|
t
1− γ
p
−n
p (1 + t−1)−β
 1
ω2(B(0, R))λ1
∫
B(0,t−1R)
∣∣∣∣∣∣
∫
Sn−1
Ω(y′)f(|u|y′)dσ(y′)
∣∣∣∣∣∣
p
× ω1(u)du
) 1
p
dt.
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It follows from (3.4) that
‖HΦ,Ωf‖B˙p,λ(ω1,ω2) . ‖b‖Lipβ‖Ω‖Lp′(Sn−1) sup
R>0
∞∫
0
|Φ(t)|
t1−
γ
p
−n
p (1 + t−1)−β
F(t)dt,
(3.14)
where F(t) :=
 1
ω2(B(0, R))λ1
∫
B(0,t−1R)
 ∫
Sn−1
|f(|u|y′)|pdσ(y′)
ω1(u)du

1
p
.
Now, we put u = rx′, so
F(t) =
 1
ω2(B(0, R))λ1
∫
B(0,R)
∫
Sn−1
 ∫
Sn−1
|f(|rx′|y′)|pdσ(y′)
 dσ(x′)ω1(rx′)rn−1dr

1
p
= ω(Sn−1)
1
p
 1
ω2(B(0, R))λ1
∫
B(0,R)
rγ+n−1
 ∫
Sn−1
|f(|r|y′)|pdσ(y′)
 dr

1
p
.
 1
ω2(B(0, R))λ1
∫
B(0,R)
rγ+n−1
 ∫
Sn−1
|f(|r|y′)|pdσ(y′)
 dr

1
p
. (3.15)
Note that we have
1
ω2(B(0, R))λ1
=
1
t(γ+n)λ1ω2(B(0, t−1R))λ1
. Hence, by
(3.14), (3.15) and the condition ω1(x
′) > c > 0 for all x′ ∈ Sn−1, we obtain
‖HΦ,Ωf‖B˙p,λ(ω1,ω2)
. ‖b‖Lipβ‖Ω‖Lp′(Sn−1) sup
R>0
∞∫
0
|Φ(t)|
t
1− γ
p
−n
p (1 + t−1)−β
(
1
t(γ+n)λ1ω2(B(0, t−1R))λ1
×
∫
B(0,t−1R)
rγ+n−1
 ∫
Sn−1
|f(|r|y′)|pω1(y
′)dσ(y′)
 dr

1
p
dt
. ‖b‖Lipβ‖Ω‖Lp′(Sn−1)
∞∫
0
|Φ(t)|
t
1+(γ+n)
λ1−1
p (1 + t−1)−β
sup
R>0
(
1
ω2(B(0, t−1R))λ1
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×
∫
B(0,t−1R)
rγ+n−1
 ∫
Sn−1
|f(|r|y′)|pω1(y
′)dσ(y′)
 dr

1
p
dt
. ‖b‖Lipβ .‖Ω‖Lp′(Sn−1).‖f‖B˙p,λ1(ω1,ω2).
∞∫
0
|Φ(t)|
t1+(γ+n)
λ1−1
p (1 + t−1)−β
dt.
This implies that the commutator HbΦ,Ω is determined as a bounded operator
from B˙p,λ1(ω1, ω2) to B˙
p,λ(ω1, ω2). The proof of the theorem is completed. 
Finally, it is also interesting to give the boundedness of the commutatorHbΦ,Ω
on the two weighted Herz type spaces and on the two weighted Morrey-Herz
type spaces. More precisely, we have the results as follows.
Theorem 3.8. Let 1 ≤ p < ∞, 1 ≤ q < ∞, 0 < β ≤ 1, γ > −n and
α1 = α2+
nβ
n+γ
. Suppose b ∈ Lipβ(Rn), ω1, ω2 ∈ Wγ with ω2(x
′) ≥ c > 0 for all
x′ ∈ Sn−1, Ω ∈ Lq
′
(Sn−1), and
C5 =
∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
−α1(1+ γn)(1 + t−1)−β
dt <∞.
Then the commutatorHbΦ,Ω is a bounded operator from K˙
α1,p
q (ω1, ω2) to K˙
α2,p
q (ω1, ω2).
Proof. Let f ∈ K˙α1,pq (ω1, ω2). For any k ∈ Z, by (3.13) and the Minkowski
inequality, we get
‖HbΦ,Ωfχk‖q,ω2
=
∫
Ck
∣∣∣∣∣∣
∞∫
0
∫
Sn−1
Φ(t)
t
Ω(y′)f(|x|t−1y′)
(
b(x)− b(|x|t−1y′)
)
dσ(y′)dt
∣∣∣∣∣∣
q
ω2(x)dx

1
q
≤
∫
Ck
∣∣∣∣∣∣
∞∫
0
∫
Sn−1
|Φ(t)|
t
Ω(y′)f(|x|t−1y′)
(
‖b‖Lipβ .|x|
β.(1 + t−1)β
)
dσ(y′)dt
∣∣∣∣∣∣
q
ω2(x)dx

1
q
. ‖b‖Lipβ
∫
Ck
∣∣∣∣∣∣
∞∫
0
∫
Sn−1
|Φ(t)|
t(1 + t−1)−β
Ω(y′)f(|x|t−1y′)|x|βdσ(y′)dt
∣∣∣∣∣∣
q
ω2(x)dx

1
q
. ‖b‖Lipβ
∞∫
0
|Φ(t)|
t(1 + t−1)−β
∫
Ck
∣∣∣∣∣∣
∫
Sn−1
Ω(y′)f(|x|t−1y′)|x|βdσ(y′)
∣∣∣∣∣∣
q
ω2(x)dx

1
q
dt
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. ‖b‖Lipβ |Bk|
β
n
∞∫
0
|Φ(t)|
t(1 + t−1)−β
∫
Ck
∣∣∣∣∣∣
∫
Sn−1
Ω(y′)f(|x|t−1y′)dσ(y′)
∣∣∣∣∣∣
q
ω2(x)dx

1
q
dt.
Using changing variable u = xt−1 and by (3.9) again, we obtain
‖HbΦ,Ωfχk‖q,ω2
. ‖b‖Lipβ |Bk|
β
n
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
∫
1
t
Ck
∣∣∣∣∣∣
∫
Sn−1
Ω(y′)f(|u|y′)dσ(y′)
∣∣∣∣∣∣
q
ω2(u)du

1
q
dt
. ‖b‖Lipβ‖Ω‖Lq′(Sn−1)|Bk|
β
n
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
(J (t, ω2))
1
q dt
. ‖b‖Lipβ‖Ω‖Lq′(Sn−1)|Bk|
β
n
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
‖fχ 1
t
Ck
‖q,ω2dt
. ‖b‖Lipβ‖Ω‖Lq′(Sn−1)|Bk|
β
n
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
(‖fχk+ℓ−1‖q,ω2 + ‖fχk+ℓ‖q,ω2) dt.
(3.16)
where J (t, ω2) :=
∫
1
t
Ck
 ∫
Sn−1
|f(|u|y′)|qdσ(y′)
ω2(u)du, and ℓ = ℓ(t) is an
integer number such that 2ℓ ≃ t−1. On the other hand, by the Minkowski
inequality for 1 ≤ p <∞, we have
‖HbΦ,Ωf‖K˙α2,pq (ω1,ω2) =
(∑
k∈Z
ω1(Bk)
α2
p
n‖HbΦ,Ωfχk‖
p
Lq(Rn;ω2)
) 1
p
. ‖b‖Lipβ‖Ω‖Lq′ (Sn−1)
∑
k∈Z
ω1(Bk)
α2
p
n
|Bk|βn ∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
× (‖fχk+ℓ−1‖q,ω2 + ‖fχk+ℓ‖q,ω2) dt
)p) 1
p
. ‖b‖Lipβ‖Ω‖Lq′ (Sn−1)
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
Bdt,
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where B :=
(∑
k∈Z
ω1(Bk)
α2
p
n |Bk|
β
n
p (‖fχk+ℓ−1‖q,ω2 + ‖fχk+ℓ‖q,ω2)
p
) 1
p
. It is not
hard to see that
B ≤
(∑
k∈Z
ω1(Bk)
α2
p
n |Bk|
β
n
p‖fχk+ℓ−1‖
p
q,ω2
) 1
p
+
(∑
k∈Z
ω1(Bk)
α2
p
n |Bk|
β
n
p‖fχk+ℓ‖
p
q,ω2
) 1
p
.
Note that it follows from Lemma 2.9 that
|Bk|
ω1(Bk)
n
n+γ
is a constant and
ω1(Bk)
ω1(Bk+ℓ+i)
= 2−(ℓ+i)(n+γ), i = −1, 0. (3.17)
With α1 = α2 +
nβ
n+ γ
, by 2ℓ ≃ t−1, we obtain
B ≤
(∑
k∈Z
ω1(Bk+ℓ−1)
α1
p
n‖fχk+ℓ−1‖
p
q,ω2
) 1
p (
ω1(Bk)
ω1(Bk+ℓ−1)
)α1
n
(
|Bk|
ω1(Bk)
n
n+γ
)β
n
+
(∑
k∈Z
ω1(Bk+ℓ)
α1
p
n‖fχk+ℓ‖
p
q,ω2
) 1
p (
ω1(Bk)
ω1(Bk+ℓ)
)α1
n
(
|Bk|
ω1(Bk)
n
n+γ
) β
n
≤
((
ω1(Bk)
ω1(Bk+ℓ−1)
)α1
n
+
(
ω1(Bk)
ω1(Bk+ℓ)
)α1
n
)(
|Bk|
ω1(Bk)
n
n+γ
) β
n
‖f‖K˙α1,pq (ω1,ω2)
.
(
2−(ℓ−1)α1(1+
γ
n) + 2−ℓα1(1+
γ
n)
)
‖f‖K˙α1,pq (ω1,ω2)
.
(
1
t
)−α1(1+ γn)
‖f‖K˙α1,pq (ω1,ω2).
Consequently,
‖HbΦ,Ωf‖K˙α2,pq (ω1,ω2)
. ‖b‖Lipβ‖Ω‖Lq′ (Sn−1)
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
(
1
t
)−α1(1+ γn)
‖f‖K˙α1,pq (ω1,ω2)dt
. ‖b‖Lipβ‖Ω‖Lq′ (Sn−1)‖f‖K˙α1,pq (ω1,ω2)
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q
−α1(1+ γn)(1 + t−1)−β
dt.
Therefore, the theorem is completely proved. 
Similarly, we also have the following result for the two weighted Morrey-Herz
spaces.
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Theorem 3.9. Let 0 < p < ∞, 1 ≤ q < ∞, 0 < β ≤ 1, γ > −n and
α1 = α2+
nβ
n+γ
. Suppose b ∈ Lipβ(Rn), ω1, ω2 ∈ Wγ with ω2(x
′) ≥ c > 0 for all
x′ ∈ Sn−1, Ω ∈ Lq
′
(Sn−1), and
C5 =
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q
+(λ−α1)(1+ γn)(1 + t−1)−β
dt <∞.
Then the commutator HbΦ,Ω is a bounded operator from MK˙
α1,λ
p,q (ω1, ω2) to
MK˙α2,λp,q (ω1, ω2).
Proof. The proof of the theorem is quite similar to one of Theorem 3.8, but
to convenience to the readers, we also give the brief proof here. In order to
estimate the right hand side of (3.16), we need to consider the following two
cases.
Case 1: 1 ≤ p <∞. By Minkowski’s inequality, it follows from Lemma 2.9
and (3.17) that
‖HbΦ,Ωf‖MK˙α2,λp,q (ω1,ω2)
. ‖b‖Lipβ‖Ω‖Lq′ (Sn−1) sup
k0∈Z
(
ω1(Bk0)
− λ
n
(
k0∑
k=−∞
ω1(Bk)
α2
p
n
(
|Bk|
β
n
×
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
(‖fχk+ℓ−1‖q,ω2 + ‖fχk+ℓ‖q,ω2) dt
p
1
p

. ‖b‖Lipβ‖Ω‖Lq′ (Sn−1)
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
B˜dt,
where
B˜ := sup
k0∈Z
ω1(Bk0)− λn
(
k0∑
k=−∞
ω1(Bk)
α2
p
n
(
|Bk|
β
n (‖fχk+ℓ−1‖q,ω2 + ‖fχk+ℓ‖q,ω2)
)p) 1p ,
and ℓ = ℓ(t) is an integer number such that 2ℓ ≃ t−1. It is clear that
B˜ ≤ sup
k0∈Z
ω1(Bk0)
− λ
n
(
k0∑
k=−∞
ω1(Bk+ℓ−1)
α1
p
n‖fχk+ℓ−1‖
p
q,ω2
) 1
p (
ω1(Bk)
ω1(Bk+ℓ−1)
)α1
n
(
|Bk|
ω1(Bk)
n
n+γ
)β
n
+ sup
k0∈Z
ω1(Bk0)
− λ
n
(
k0∑
k=−∞
ω1(Bk+ℓ)
α1
p
n‖fχk+ℓ‖
p
q,ω2
) 1
p (
ω1(Bk)
ω1(Bk+ℓ)
)α1
n
(
|Bk|
ω1(Bk)
n
n+γ
) β
n
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≤
((
ω1(Bk)
ω1(Bk+ℓ−1)
)α1
n
+
(
ω1(Bk)
ω1(Bk+ℓ)
)α1
n
)(
|Bk|
ω1(Bk)
n
n+γ
)β
n
‖f‖
MK˙
α1,λ
p,q (ω1,ω2)
. 2ℓλ(1+
γ
n)
(
2−(ℓ−1)α1(1+
γ
n) + 2−ℓα1(1+
γ
n)
)
‖f‖
MK˙
α1,λ
p,q (ω1,ω2)
.
(
1
t
)(λ−α1)(1+ γn)
‖f‖
MK˙
α1,λ
p,q (ω1,ω2)
.
Consequently, we have
‖HbΦ,Ωf‖MK˙α2,λp,q (ω1,ω2)
. ‖b‖Lipβ‖Ω‖Lq′(Sn−1)
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
(
1
t
)(λ−α1)(1+ γn)
‖f‖
MK˙
α1,λ
p,q (ω1,ω2)
dt
. ‖b‖Lipβ‖Ω‖Lq′(Sn−1)
∞∫
0
|Φ(t)|
t1−
γ
q
−n
q
+(λ−α1)(1+ γn)(1 + t−1)−β
‖f‖
MK˙
α1,λ
p,q (ω1,ω2)
dt.
Case 2: 0 < p < 1. We first observe that
‖fχk+ℓ+i‖q,ω2 ≤ ω1(Bk+ℓ+i)
λ−α1
n ω1(Bk+ℓ+i)
− λ
n
(
k+ℓ+i∑
j=−∞
ω1(Bj)
α1p
n ‖fχj‖
p
q,ω2
) 1
p
≤ ω1(Bk+ℓ+i)
λ−α1
n ‖f‖
MK˙
α1,λ
p,q (ω1,ω2)
, i = −1, 0.
Combining this with (3.16), we obtain
‖HbΦ,Ωf‖MK˙α2,λp,q (ω1,ω2)
.
∑
i=−1,0
‖b‖Lipβ‖Ω‖Lq′ (Sn−1)‖f‖MK˙α1,λp,q (ω1,ω2) supk0∈Z
(
ω1(Bk0)
− λ
n
(
k0∑
k=−∞
ω1(Bk)
α2
p
n |Bk|
βp
n
×
 ∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
ω1(Bk+ℓ+i)
λ−α1
n dt
p
1
p

.
∑
i=−1,0
‖b‖Lipβ‖Ω‖Lq′ (Sn−1)‖f‖MK˙α1,λp,q (ω1,ω2) sup
k0∈Z
 k0∑
k=−∞
 ∞∫
0
|Φ(t)|
t1−
γ
q
−n
q (1 + t−1)−β
T dt
p
1
p
,
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where T := ω1(Bk0)
− λ
nω1(Bk)
α2
n |Bk|
β
nω1(Bk+ℓ+i)
λ−α1
n . Hence, by (3.17) and for
any k ≤ k0, it follows that
T . 2(k−k0)(1+
γ
n)λ
(
1
t
)(λ−α1)(1+ γn)
.
Consequently, we obtain
‖HbΦ,Ωf‖MK˙α2,λp,q (ω1,ω2)
. ‖f‖
MK˙
α1,λ
p,q (ω1,ω2)
sup
k0∈Z
(
k0∑
k=−∞
2(k−k0)(1+
γ
n)λp
) 1
p
∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
+(λ−α1)(1+ γn)(1 + t−1)−β
dt
. ‖f‖
MK˙
α1,λ
p,q (ω1,ω2)
∞∫
0
|Φ(t)|
t
1− γ
q
−n
q
+(λ−α1)(1+ γn)(1 + t−1)−β
dt.
Therefore, the proof of the theorem is completed. 
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